In the present paper, we briefly review recent studies of second order gravitational perturbations in braneworld models. After we mention the possibility of pathological behavior of gravity in higher order perturbations, second order perturbations are discussed in RandallSundrum braneworld models. Since mass spectrums of each braneworld model are different, we analyze them by different approach. In the respective models, it is discussed that 4D Einstein gravity is approximately recovered in the second order perturbations, although there are some exception cases in the two branes model.
§1. Introduction
The idea of braneworld has attracted considerable attention from many standpoints 1) - 3) . In particular, the models introduced by Randall-Sundrum (RS) 2), 3) have been studied by many people since the so-called warped compactification of RS models make the models to be intriguing.
A significant point in discussing viability of these models is whether 4D Einstein gravity is recovered on the brane from the 5D Einstein gravity in the bulk. In the RS models, the gravity that is induced on the flat brane by matter fields confined on there has the following form 4) : (4) G µν = 8πG T µν + (8πG 5 ) 2 π µν − E µν , (1 . 1) where 8πG and 8πG 5 (:= κ) are 4D and 5D effective gravitational coupling constant, respectively, and π µν is a tensor quadratic in 4D energy-momentum tensor T µν . A projected Weyl tensor E µν is determined by solving the 5D equations. Apparently the last two terms are contributions from the existence of the 5D bulk spacetime. However the evaluation of E µν in the above formulation is not so easy in general and we cannot expect the contributions, except for the case of linear perturbations 5) . One fundamental but remarkable fact owing to the warped compactification is that in the RS single brane model linearized 4D Einstein gravity is derived on the brane from the 5D Einstein gravity when we consider non-relativistic matter on the brane 6) - 9) . Furthermore, the conventional FRW universe can be induced on the brane in low energies. These facts mean that the last two terms in Eq. (1 . 1) can be neglected in the configurations. The recovery of linearized 4D Einstein gravity in RS single brane model is expected and understood from the equation of linearized gravitational perturbations that has a volcano potential due to the tension of the brane 3) . The volcano potential admits a normalizable bound state, which is called zero mode since the mass eigenvalue of 4D D' Alembertian is zero, and also continuum modes that correspond to massive Kaluza-Klein modes (KK). However the contribution of massive modes to the induced gravity is small enough compared with the zero mode, owing to the potential barrier, and hence the zero mode gives the long-ranged force of conventional Newton's law.
For the gravity beyond linear perturbations, the above argument dose not apply and hence the recovery is not simply expected. In the single brane model, if we naively write down the 4D effective action integrating over the extra dimension with the aid of the decomposition with respect to the mass eigenvalues, the KK mode coupling seems to be ill defined and to diverge. However this pathological behavior might be artifact since this argument is based on the mode-by-mode analysis using the decomposition of the mass eigenmodes. In fact, the mode-by-mode analysis do not give a good description of the behavior of massive modes 10), 11) . In the two branes model, other pathological behavior seems to appear on the negative tension brane; some hierarchically enhanced terms appear in second order perturbations and it seems to break the recovery of the conventional 4D gravity in non-linear regime.
Nevertheless, there is the indication that the induced gravity is described well by 4D Einstein gravity even in the highly non-linear and non-perturbative regimes, and it supports the viability of braneworld models 12) - 16) .
In this paper, we review the perturbative approach to understand the gravity beyond linear perturbations, i.e. second order perturbations 13) -16) . In the analyses of second order perturbations in RS models, the static and axisymmetric configurations, which mean that the metric on the branes is spherically symmetric, have been assumed for simplicity. In Sec. 2 we review the second order perturbations in the RS single brane model without bulk scalar field. In Sec. 3, we discuss the second order perturbations in the RS two branes model where stabilization mechanism is taken into account. Sec. 4 is devoted to the summary. §2. Single brane model
Leading order of perturbations
In this section we review second order perturbations in the RS single brane model 14) . The system of this model is simpler than that of two branes model, and then it is more tractable to study the gravitational perturbations. The most general axial-symmetric and static metric has the following form:
Here a(y) is warp factor and it is taken to be a = e −|y|/ℓ since we consider the gravitational perturbations around the RS background solution of AdS 5 , in which the vacuum brane of positive tension locates at y = y + ≡ 0. Non-relativistic matter fields confined on the brane are assumed to have the energy-momentum tensor of the perfect fluid form
To obtain perturbative equations for the metric functions, we expand A, B, and C to second order as A = J=1,2 A (J) . The 5D Einstein equations with the transverse-traceless (TT) conditions
give a master equation for second order perturbations
,r B
, (2 . 4) where
Moreover, we have introduced the symbol ǫ (J) that is defined by ǫ (1) = 0 and ǫ (2) = 1 to represent the first and the second order equations in a single expression. The source terms on the right hand side are absent at linear order, since they are composed of a quadratic in linear order quantities. The other metric functions in second order, B (2) and C (2) , are explicitly related to A (2) by constraint equations that are obtained from the 5D Einstein equations.
To solve the master equation, we need to specify the boundary condition. In the original coordinates (2 . 1), the y constant surface has been chosen so that the metric functions vanish at y → ∞ to coincide asymptotically with AdS 5 . After fixing the y constant surface at the infinity, coordinates are extended to the region near the brane. Therefore, the location of the brane does not generally coincide with the y = y + surface 6) . In such coordinates, the junction condition is not so trivial. Thus it will be convenient to introduce Gaussian normal coordinatesx a , in which the location of the brane stays atȳ = 0 but the metric form is still kept diagonal. The boundary condition in the original coordinates is obtained by gauge transformations x a = x a + ξ a . Israel's junction condition gives the boundary condition as
where δA (2) is defined as the difference between the metric in original coordinates (2 . 1) and that in Gaussian normal coordinatesx a ; δA (2) := A (2) −Ā (2) . The formal solution for the master equation (2 . 4) with the boundary condition is given by means of Green's function;
and the Green's function in the static case is given by
where u m (y) are mode functions, and m is 4D mass eigenvalue. The normalization factor N is defined by N −1 := 2 y − y + a 2 dy, where y − is set to infinity in the present model. The orthogonality of the mode functions is
The mode decomposition and its meaning is obvious from the Green's function. The first term in Eq. (2 . 7) is the contribution from the zero mode (m = 0), and the second term corresponds to the propagator due to KK states that have non-zero mass eigenvalues (m > 0). The leading order of linear perturbations is given by zero mode truncation. Substituting only the zero mode part into Eq. (2 . 6) and transforming it into Gaussian normal coordinates, we obtain the leading order of linear perturbations induced on the brane:
Here we have represented the result by using the Newton potential, which is defined by
where 4D Newton's constant is defined by 8πG := κN . Hereafter, the gauge freedom of radial coordinate is chosen to be the isotropic gauge. Now the evaluation of leading terms in second order perturbations is straightforward. Substituting the zero mode part of the Green's function and the evaluations of the first order quantities, we finally obtain for the leading order
These results agree with those for 4D Einstein gravity.
Suppression of the KK mode propagation
The appearance of the conventional 4D gravity is easily understood by the zero mode truncation of Green's function. Thus our main task is to show the suppression of contributions due to KK modes. To show it, we need to evaluate a convolution of Green's functions. Since G A is composed of zero mode part G 0 and KK mode part G K , the contribution from these terms is decomposed into several pieces depending on which combination of three propagators is used.
We notice that the mode couplings that contain two zero modes, such as G K × G 0 × G 0 , vanish because of the orthogonality of mode functions. Thus our concern is the mode couplings that include at least two KK modes. Since the mode-by-mode analysis shows a pathological feature even at the level of linear perturbations, it is necessary to sum up all the mass eigenvalues to handle the KK mode interactions 10) .
Careful discussion performing such analysis 14) show that the order of the corrections to the leading order is 12) where r ⋆ is a typical length scale of perturbations. Therefore the corrections due to KK modes are suppressed for sufficiently large scale compared to the 5D curvature scale ℓ. Note that this suppression essentially arises from the inequality of the Green's function:
,
Two branes model
Notation and assumption
In this section, we consider second order perturbations in the RS two branes model 15), 16) . The second brane which has negative tension is located at y = y − (> y + ). Hence a new characteristic scale of this system is the distance between the two branes, which we refer to as radius. Since this radius is related to the hierarchy 2) , it must be stabilized at an appropriate point. As a radius stabilization mechanism, we introduce a bulk scalar field according to Goldberger and Wise 17) . The Lagrangian for the scalar field is
The scalar field is expanded up to the second order asφ = φ 0 (y) + ϕ (1) (r, y) + ϕ (2) (r, y), where φ 0 is the background scalar field configuration. The gravitational perturbations, however, fluctuate the radius and we cannot assume the metric (2 . 1) in the bulk. Instead, it is useful to assume the "Newton gauge"
Here A, B, and C correspond to the TT part (2 . 3), and ψ to the trace part. Energymomentum tensors are given in the perfect fluid form as Eq. (2 . 2):
3)
The warp factor in the definition (3 . 3) is incorporated by the following reason. In the present analysis, we adopt the normalization in which any physical quantities are always measured on the positive tension brane at y = y + . Since a length scale is warped by a warp factor, physical quantities on the negative tension brane at y = y − such as ρ − and P − are measured at y = y + as a −4
− ρ − and a −4 − P − . Other normalization that uses proper length to measure physical quantities is explained in Sec. 3.4. Each normalization has own virtue.
The warp factor receives back reaction of the bulk scalar field, and in general we cannot assume the warp factor of pure AdS form. It is determined by solving the background equation,
As compared with the single brane model (2 . 1), we have two additional scalar functions Y and ψ. They are not independent, but are related to each other by the 5D Einstein equations. Moreover the perturbation of scalar field is also related to Y and ψ. The constraint equations are given as
Here S ψ and S ϕ are second order source terms which are constructed from the first order quantities 15) . Here and hereafter we use second order source terms, such as S * and S * , without mentioning the definitions. All of them are explicitly given in Ref. 
Let us consider junction conditions for scalar field. Integrating the equation of motion for the scalar field across the brane, we obtain the junction condition in the Newton gauge as
where we have defined
Through this boundary condition, the potentials V (±) on the branes affect perturbations. Combining the junction condition (3 . 7) and the constraint (3 . 5), we obtain the boundary condition for (3 . 6), and in the end we can construct the formal solution by means of Green's function.
Derivative expansion
Formal solutions of the TT part are given by using the Green's function (2 . 7) where the continuous mass spectrum in the single brane model is replaced with the discrete one due to the S 1 /Z 2 compactification. Because of this difference, we can use other method to evaluate contributions from the discrete massive modes. The long-ranged contribution of the TT part A 0 is evaluated by the zero mode truncation as before. The remaining part A S , which comes from massive KK modes, is evaluated by a derivative expansion method. We expand perturbation variables in terms of the expansion parameter (Hr ⋆ ) −1 assuming that the typical length scale r ⋆ of perturbations is much longer than the 5D curvature scale H −1 . It is important to stress that this derivative expansion method is valid only when the mass of the first excited mode is sufficiently large. In the single brane limit (y − → ∞), the excited mass spectrum becomes continuous, and therefore the derivative expansion method is no longer valid.
As for the scalar type perturbation, there is no zero mode owing to the stabilization mechanism 7) . To discuss the contributions from massive modes, we expand the perturbation variables by the derivative expansion. The scalar type perturbations are divided into three parts; pseudo long-ranged part Y pse , short-ranged part Y S , and part of interaction terms Y λ . The first one is the formal solution of the lowest order in the derivative expansion including long-ranged metric perturbations. The short-ranged part is the formal solution of the next order, which is obtained by iteration of the derivative expansion. The part of interaction terms Y λ is defined as the terms that include a potential on the brane represented by λ ± [see Eq. (3 . 7)]. We quote the explicit expressions:
where
, and functions u ± and v ± are given by u ± := 1 − 2Hv ± , and v ± := a −2 y y ∓ a 2 dy ′ . These formal solutions for the TT part and the scalar type perturbations enable us to evaluate the perturbations induced on each brane. To obtain the induced gravity, we must transform the perturbation quantities that are calculated in the Newton gauge into the ones in Gaussian normal coordinates of the form
We need two sets of Gaussian normal coordinates; one is the coordinate set in which the positive tension brane is located atȳ =ȳ + and the other is that in which the negative tension brane is located atȳ =ȳ − . After gauge transformations for each coordinate set, we obtain the metric perturbations induced on the branes,
where the radial gauge of spatial component in Jth order is the isotoropic gauge as before.
Evaluation of perturbations
Now we can explicitly evaluate the gravity induced on the branes. To simplify the analysis we assume that matter fields reside on one of the two branes, which is thought of as the visible brane. By this simplification, the sum of the Newton potentials Φ ± (:= 4πG∆ −1 ρ
(1) ± ), which generally appears in the two branes system as we see in Eq. (3 . 9), is replaced as σ=± Φ σ → Φ ± at y = y ± .
First we discuss linear perturbations. Since the evaluation of the spatial component is almost same as that of the temporal component, we henceforth concentrate on the temporal component. Assuming the weak back reaction of a ≈ e −|y|/ℓ , the results are summarized as
where α ± , β ± , and γ ± are defined as
Here α ± is the correction from the interaction terms. The massive mode contributions of the TT part are expressed by β ± . The short-ranged contributions of the scalar type perturbations are represented by γ ± , in which we have used the effective radion massm S . When the radius stabilization mechanism proposed by Goldberger and Wise works efficiently, the massm S becomes O(ℓ −1 ) 7), 17) . Let us first observe the corrections induced on the negative tension brane (y = y − ). Since we are concerned with the hierarchy resolution in this case 2) , we have set the AdS curvature length ℓ and the hierarchy a + /a − to be the Planck length ℓ P l and 10 16 , respectively. Then β − implies a dominant contribution of the massive mode at the length scale 0.1mm. However the KK mode does not contribute to the force outside the matter distribution, but to the matter energy density since the gravitational potential appears only in the form of ∆Φ ± , which is proportional to ρ ± . Hence the change of the metric perturbation due to the short-ranged part becomes significant on the negative tension brane only when ρ
. This is also true for the correction from γ − as long as the effective radion mass is O(ℓ −1 ). For α ± , the evaluation depends on the details of stabilization model. This correction becomes important compared to that from the short-ranged part when a 4
. We note that when a 4 − α + ≫ 1, the mass of the stabilized radion becomes small and then the effect appears also through γ − , although this case seems to be exceptional 16) .
On the positive tension brane, the corrections from β + and γ + are similar to the ones in the single brane model, and hence are suppressed. A difference is that the corrections in this case are proportional to the matter energy density. The factor of α + is suppressed only by the factorḢ + /H 2 + , which is small but is not hierarchically suppressed. As long as λ + takes a natural order of magnitude smaller than ℓ, α + is at most O(H 2 + /Ḣ + ). Then, the correction stays less than O(β + )O(r 2 ⋆ ∆Φ + ). However, when λ + is much larger than ℓ, the correction becomes larger by the factor of λ + /ℓ than that in the TT part. Although these choices of parameters are not natural, the possibility of the enhanced correction might be interesting.
Let us discuss second order perturbations. After straightforward but tedious calculations, it is shown on each brane that the leading order in the derivative expansion is identical with 4D Einstein gravity even in second order perturbations. Thus to complete the recovery, it is necessary to investigate the contributions from the massive modes and the interaction terms, which appear in the next order of derivative expansion. However we immediately notice in this order that there are some terms on the negative tension brane which are hierarchically enhanced by a factor O(β − /a 2 − ) with respect to the usual post-Newtonian terms, and then it seems to break the recovery of the conventional 4D gravity in this order. This is a subject studied in Ref. 15), 16) . As was discussed in the references, however, it is shown that these dangerous terms are completely canceled out. Remaining contributions are actually suppressed apart from some exceptional cases which come from α ± as we mentioned. The results are summarized as
− (r, y − ) = 8πG(ρ
In the case that matter fields are confined on the positive tension brane, the corrections in second order perturbations are O(β + /a 2 − ) compared to the usual postNewtonian terms. Nevertheless, the appearance of the enhancement by the factor 1/a 2 − is very likely to be an artifact due to the derivative expansion method, although the corrections are still suppressed. Since the condition that the typical length scale of spatial gradient is larger than that of the change in the fifth direction becomes (ℓ 2 /a 2 − r 2 ⋆ ) = (β + /a 2 − ) ≪ 1 near the negative tension brane, β + /a 2 − appears as an expansion parameter. Although the correction seemingly becomes large in the y − → ∞ limit, this is an artifact due to the limitation of the present approximation.
Convention of length scale
In the end, we comment on the convention of length scale that we have adopted in the previous sections. In our discussion of two branes model, we have used the normalization scheme where the length scale is always measured on the positive tension brane at y = y + . Thus when we consider the negative tension brane at y = y − as the visible brane and discuss physical quantities on the brane, we must rescale them to measure on the hidden brane. This is the reason why we have used the definition of the energy-momentum tensor (3 . 3) . It is sometime convenient to measure a length scale r ⋆ by its proper length scale a(y)r ⋆ at the location y. This scheme is adopted in Ref. 7) .
To use the proper length normalization scheme in our analysis, we must change some notations and definitions. First, the energy-momentum tensors are defined as
where T µ +ν and T µ −ν are physical quantities that are measured on each brane. The induced 4D Newton's constant and the Newton potential are defined on each brane as
The Laplacian operator must accompany the warp factor, i.e. a −2 ± ∆. In spite of these changes, the results of linear perturbations remain the same, such asĀ
The leading terms of second order perturbations (3 . 14) are given in this normalization as
The modification is just the extra warp factor for the Laplacian and the 4D Newton's constant. Then the analyses presented in previous sections are almost valid without significant changes. However a change is need for the interpretation of gravitational coupling scale. Recall that when we take y = y − (y = y + ), the negative (positive) tension brane is thought of as visible brane, and we neglect the matter on the opposite hidden brane. When the negative tension brane is visible brane, the hierarchy resolution is concerned, and then the fundamental scale is set as TeV scale according to the original RS two branes model. On the other hand, when the positive tension brane is considered as the observable brane, we take the fundamental scale as the Planck scale as it is in the RS single brane model. Since the gravitational coupling scale on each brane is warped as Eq. (3 . 16), we must vary the value of κN according to which brane is visible. To obtain the corresponding gravitational coupling scale at y = y + or y = y − , the modification is given as
where M P l is 4D Planck mass and M EW is a mass scale of order TeV. By this modification, we must change the suppression factors. They are given as EW . By these modifications, the discussion about the recovery of 4D Einstein gravity is valid. §4. Summary
We have considered the second order gravitational perturbations in the RS single brane model and in the RS two branes model with the radius stabilization mechanism. It is shown in each model that second order perturbations behave well and the results basically agree with 4D Einstein gravity, whose temporal component in second order and spatial component in first order are observationally constrained to the accuracy of about 0.1 % or so.
In RS single brane model, the deviations appear as a change of Newton's law and are suppressed by a factor of O((ℓ 2 /r 2 ⋆ ) log(r ⋆ /ℓ)). Thus it will be impossible to distinguish these corrections.
For RS two branes model, the analysis becomes slightly complicated since owing to the stabilized radius there are scalar type perturbations in addition to the transverse-traceless perturbations. As a model for radius stabilization, we have assumed the scalar field that has a potential in the bulk and a potential on each brane. Three types of corrections are found; the massive mode contributions of transverse-traceless perturbations, the massive mode contributions of scalar type perturbations and the correction from the interaction terms on the brane.
When we consider the case in which the matter fields are on the negative tension brane, the correction to 4D Einstein gravity appears at the relative order of O((a + /a − ) 4 (ℓ/r ⋆ ) 2 ). With the choice of the hierarchy (3 . 13), the correction to the metric in linear perturbations becomes comparable to the usual Newtonian potential when r ⋆ 0.1mm. However, this correction does not give contribution to the force outside the matter distribution. Hence, it seems to be harmless to reproduce the predictions of 4D Einstein gravity. We have not confirmed if this feature remains in second order perturbations. Nevertheless the correction is suppressed by the above factor compared to the usual post-Newtonian terms, and hence the effect due to this correction is almost impossible to detect.
In the case that the matter fields are on the positive tension brane, the correction to 4D Einstein gravity in linear perturbations appears at the relative order of O((ℓ/r ⋆ ) 2 ). The corrections in second order perturbations are O((a + /a − ) 2 (ℓ/r ⋆ ) 2 ) compared to the usual post-Newtonian terms. Although the corrections are still small in the order, it seems that the deviation from 4D Einstein gravity appears in more higher order perturbations. However, this is very likely to be an artifact due to the limitation of our approximation scheme.
To give a complete proof of the recovery of 4D Einstein gravity, further extension of the present analysis will be necessary, and more clear understanding of the recovery mechanism in the regime beyond linear perturbations will be also necessary.
